Abstract. I t is shown that in a region which is free of currents and charges, any electromagnetic field may be rigorously derived from a single, generally complex, scalar wave function V ( X , t ) . I n terms of this function the momentum density g(x, t ) and the energy density w ( x , t ) of the field may be defined in such a way that they are represented by expressions analogous to the formulae for the probability current and the probability density in quantum mechanics ; in a homogeneous isotropic medium 1 .
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The densities defined in this way differ from those given by the usual expressions, but the choice is justified since the differences disappear on integration over any arbitrary macroscopic domain. (The corresponding Lagrangian densities differ by a four divergence.) When V is of the form Vo(x)e-iwt, g is found to form a solenoidal field which is orthogonal to the co-phasal surfaces arg V , =constant. $1. INTRODUCTION N a region of space which is free of charges and currents an electromagnetic field is fully specified by the magnetic vector potential A. From it the electric and the magnetic field vectors may be derived by means of wellIn a wide class of problems, particularly in those encountered in optics, the known relations.
actual behaviour of the field vectors is of little interest. What one primarily wishes to know is the average energy or the average flux, and one is led to wonder whether for such purposes the derivation from a vector potential is really the most suitable one. Except in the so-called 'rigorous' diffraction theory, one does in fact often employ in optical considerations of energy a single, generally complex, scalar wave function (usually called the disturbance, or the complex amplitude), whose squared modulus is taken as the measure of the light intensity. This simple procedure has been employed in optics since about the time of Fresnel (the disturbance then being considered to be the displacement of a Particle in an ' elastic ether ') and has been the subject of much criticism, in spite of the fact that under fairly general conditions it gives results which are found t o be in excellent agreement with experiment. Now it is well known that the energy density and the momentum density (and consequently the light intensity) are not uniquely defined by the electric and the magnetic field vectors. One may always add to the Lagrangian density a four divergence which gives no contribution to the field equations, though it may alter the local (unobservable) values of the densities of the energy and the momentum. Such alteration must of course lead to no observable changes in the total amount of .energy and momentum contained in any extended (macroscopic) domain. The question is therefore open as to whether one could not define the energy and momentum densities in such a way that they would always be expressible in a simple manner in terms of a single complex scalar wave function, the field vectors remaining unchanged. In the present paper it is shown that this in fact is possible.
We find that in regions where no currents or charges are present the magnetic potential may be rigorously derived from a single, generally complex, scalar wave function V(x, t ) , which we call the complex potential. In terms of this function the momentum density g ( x , t ) and the energy density eo(x,t) in a homogeneous isotropic medium may be defined by means of formulae analogous to the expressions for the probability current and the probability density in quantum mechanics : here eo, po are the dielectric constant and the magnetic permeability and c is the vacuum velocity of light. An interesting consequence of the present analysis is the result that in the case when the time enters V only through the factor e-iwt, i.e. when V is of the form Equation (1.5) shows that the energy flow is orthogonal to the surfaces of constant phase of the complex potential and (1.6) expresses the fact that the vector field g is solenoidal. One is thus led rigorously to the concept of ' clectromagnetic rays', and one obtains for a class of electromagnetic fields a simple model which may be regarded as a natural generalization of geometrical optics.
2. DEFINITION OF THE COMPLEX POTENTIAL
We consider an electromagnetic field in a homogeneous, isotropic medium. In regions free of currents and charges the field quantities may be derived from a single vector potential a(x, t ) which satisfies the homogeneous weve equation and also the divergence condition V.El=O.
..... (2.1)
In general, currents and charges will, of course, be present in some parts It will be convenient to imagine these enclosed in boxes and of the x space. to consider in place of the function A defined by
A(x, t ) =a(x, t ) outside and on the boxes = O inside the boxes. A is formally defined over the whole x space and may be represented by a Fourier integral
. (2.2)
where, since A is real, the integration is carried over half of k space (e.g. K, 30).
On account of (2.1) the (real) vectors a(k, t ) and b(k, t ) are orthogond to k,
With each k we associate two unit vectors l,(k) and l,(k) such that l,, 1, and k form a right-handed orthogonal triad. This may be done for example by choosing a constant vector n and taking as 1, a unit vector perpendicular to the (k, n) plane and as 1, a unit vector perpendicular to k and 1, :
Equations ( Next we form the complex combinations (2.6)
and regard cc and , 8 as Fourier coefficients of a function V :
. (2.7)
We call V ( x , t ) the complex potential of the field.
function.
We have now replaced the magnetic vector potentia1 by a complex scalar Conversely it is easily seen that from the complex potential V , the 
...... (2.13) ...... (2.14)
Consequently the complex potential satisfies the homogeneous wave equation (2.9).
8 3. THE MOMENTUM DENSITY AND THE ENERGY DENSITY 3.1. We now derive expressions for the momentum density and the energy density of the field in terms of the complex potential. We restrict our discussion t o a homogeneous isotropic medium. In terms of the vector potential, the electric and the magnetic field vectors 
the integration being taken throughout the x space.
Since this paper was written our attention has been drawn to a
paper by E. T. Whittaker (Proc. Land. Muih. Soc., 1904, 1, 367), where it is shown that in Z'UCZ(O at points not occupied by electrons a field produced by any number of electrons moving in any arbitrary manner may be derived from two real scalar wave functions.
T h e connection between Whittaker's analysis and that of the present section is being investigated and it is hoped to publish the results in a later communication.
* Note a d h d in p o u f .
T o express G in terms of V we first substitute into (3.2) from (2.2). We have [a(k', t ) os(k'.x)+b(k',t) .....
8vLL,c
Hence the density g of the momentum may be defined as
......
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The electric and the magnetic energy densities may also easily be defined in terms of the complex potential. The total electric energy W , is W e ( t ) = 5-J E2dx ...... (3.14)
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In terms of li' and 4 the momentum density g and the energy densities w,, and .... (3.21) ...... this relation (which also follows from the conservation law (3.11)) shows that the vector field g is solenoidal.
The two results which we have just established show a close analogy with the model presented by geometrical optics. The surfaces 30 =constant may be regarded as generalized wave fronts and the energy may be considered as being propagated along the curves (rays) orthogonal to these surfaces. =constant one must in general solve two equations (3.17) and (3.18). But we note that the second term in (3.17) contains as multiplicative factor the second power of the small quantity 1/k. Except in special regions this term will be very small in comparison with n2 = eopo and may therefore be neglected. This implies that the geometrical wave fronts given by the solution of the eikonal equation
...... (3.25) ...... (3.24) To determine the wave fronts are in general a very good approximation to the waves associated with the complex potential.? Better approximations may be obtained by the application of the W.K.B. method, or with the help of Huygens' principle (or Kirchhoff's integral formula).
One can also easily write down an expression for the variation of the amplitude along each ' electromagnetic ray' (orthogonal trajectory to the 30 surfaces). In the present theory we have, in place of (2.10), the scalar wave equation (2. In consequence, the momentum density g and the energy density w of the present theory will differ from the usual expressions g' and w' associated with (4.1). In fact one has relations of the type where P = P and Q = Q if P and Q do not involve the field variables. The effect of these differences will be negligible on integration over an arbitrary domain which is large compared with the wavelength. That the usual definition of energy flow, based on the Poynting vector, is not the only possible one is of course well known.* Our present definition has several advantages. We saw, for example, that in a field represented by a complex g, w, and w,,, are independent of time and g is orthogonal to the surfaces of constant phase of the complex potential. But even in more complicated fields the densities as defined by the present theory seem to lead to simpler results, T o illustrate this point we consider an example (essentially due to Braunbek 1951) :
. . (4.5)
Suppose that the vector potential of a field in vacuo (c0 =po = 1) is
where C is a constant and n,, n,, n3 is a right-handed orthogonal triad of unit vectors. A straightforward calculation gives for the time average .XI.
This expression does not satisfy the relation (S' ) . curl (S' ) = 0 which would obtain if (S' ) possessed orthogonal trajectories (cf. Weatherburn 1930, p. 217) .
On the other hand one easily finds that the average energy flux S = cg as defined by (3.7) possess orthogonal trajectories. For one has in this case (taking n=n,+n,) . . It is seen that (S') and (S) differ by a space-periodic function, to which clearly no physical meaning can be attached. For div {(S') -(S)} = 0, and consequently the (time-averaged) energy which crosses any closed surface in the field, will be the same whether S or S' is taken to define the energy flow. 
